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DILPREET KAUR AND AMIT KULSHERSTHA 

Abstract. Strongly real groups and totally orthogonal groups form two important subclasses 
of real groups. In this article we give a characterization of strongly real special 2-groups. This 
characterization is in terms of quadratic maps over fields of characteristic 2. We then provide 
examples of groups which are in one subclass and not the other. It is a conjecture of Tiep that 
such examples are not possible for finite simple groups. 



Introduction 

Groups in which all elements belong to the conjugacy class of their inverses are called real 
groups. It is well known that all entries in the character tables of finite real groups are real 
|Ser77| . However real groups may admit complex representations which are not realizable over 
R. Such representations are called symplectic. The complex representation 



1 i-> 





of the Quaternion group Q2 = (— 1, a, b, c : (— l) 2 = l,a 2 = b 2 = c 2 = abc = —1) is symplectic. 
Real groups which do not admit any symplectic representation are called totally orthogonal. In 
1985, Gow proved that groups O n (q) of special isometries of quadratic forms are totally orthogo- 
nal |Gow85j . It was already known by then that every element of 0„ (q) is strongly real |Won66j . 
Strongly real elements in a group are those which can be expressed as a product of two self- 
inverses. A group is called strongly real if all its elements are strongly real. It is straightforward 
to see that a group G is strongly real if for every element x of G, there exists an element y in G 
such that y 2 = 1 and x^ 1 — y~ 1 xy. 



Like O n (q) there are plenty of groups which are both totally orthogonal and strongly real. 
According to a conjecture of Tiep finite simple groups are totally orthogonal if and only if they 
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are strongly real. However there is no general class of groups known which exhibits one of these 
properties and not the other. In this article we exhibit an infinite class of groups, namely the 
class of special 2-groups, for which none of the notions of strongly reality and total orthogonality 
imply the other. This generalizes an example of a strongly real group admitting a symplectic 
representation |KSllj . 

The plan of the article is as follows: In §1 we recall basics on quadratic forms over F2, where 
F2 denotes the field with two elements. Then in §2 we record special 2-groups, quadratic maps, 
second cohomology groups and their interconnection. The understanding of this interconnection 
gives us a characterization of strongly real special groups in terms of their associated quadratic 
maps. This characterization is used in next section to show that all extraspecial 2-groups, except 
the quaternion group Q2, are strongly real. This requires a classification of extraspecial 2-groups 
as central products of D4 and Q2, where D4 denotes the dihedral group of order 8 |Gor82j . In 
the same section we convert this classification in the language of quadratic forms over F2. In 
last section we give examples of groups which are strongly real but not totally orthogonal, and 
vice- versa. A characterization of strongly real groups (Th. I2.5[) and a characterization of totally 
orthogonal groups |Zahll| Th. 3.5] play key roles in the construction of these examples. 

1. Quadratic forms in characteristic 2 

Let F be a field of characteristic two and V be an n dimensional vector space over F. A map 
b : V x V — >• F is called V-bilinear if it satisfies the following properties: 

(1) b(av± + (3v2, w) — ab(vi,w) + /3b(v2,w) for all v%, 1)2, w G V and a, j3 G F. 

(2) b(v, au>i + /3w2) — ab(v, w±) + /3b(v, 11)2) for all v,Wi,W2 G V and a, f3 S F 

A map q : V — > F is called quadratic form if 

(1) q(av) = a 2 q(v) for all v G V 

(2) The map b q : V X V — > F given by b q (v, w) :— q(v + w) — q(v) — q(w) is F-bilinear. 

For a quadratic form q the map b q is called the polar map of q. The pair (V, q) is called the 
quadratic space over F. A bilinear map b q is called alternative if b q {v, v) = for all v G V. 

If B = {ei, 62, • ■ • , e„} is a basis of V then any n x n matrix Q satisfying q(x) = x t Qx, where 
x G V is indeterminate column vector and x denotes the transpose of x, is called a matrix of q 
with respect to basis B. Every matrix of q with respect to same basis is of form Q + A, where A is 
an alternating matrix and Q is the unique upper triangular matrix of q with respect to basis B. 
If we change the basis and T is transition matrix for the change of basis then upper triangular 
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matrix of q with respect to new basis is T l QT . 

Two n-dimensional quadratic spaces (Vi,gi) and {V2,q2) over F are said to be isometric if 
there exists an F-linear isomorphism T : V\ — > V2 such that qi(v) = q2(T(v)) for all v G V. Isom- 
etry between two quadratic spaces is denoted by (Vi,qi) = (V^ffe)- A quadratic space (V,q) is 
called the orthogonal sum of (Vi,qi) and (Va,©) if V = Vi®V-j and q(v) = qi(v±) + 92(^2), where 
f = (ui,i»2) G y is an arbitrary element of V. In this case we write q = q\Lq2- Conversely, let 
(V, q) be a quadratic space and Vi, 1 < % < m be subspaces of V such that V = Vi © • • • © V m and 
bq{vi,Vj) = for u, G Vi,Vj G V}, i ^ j. Then 5 = giJ_ • • • -Lq m where qi denotes the restriction 
of q to Vi. 

The subspace rad(V) := {w G V : b q (v,w) — Vu G is called the radical of (V, g). The 
quadratic space is called regular if rad(T^) = 0. 

The following theorem is analogous to the diagonalization of quadratic spaces over the field of 
characteristic different from 2. 



Theorem 1.1 ( Pfi95 ). Every quadratic space (V,q) has an orthogonal decomposition V — 
t/©rad(y) such that (U, q\u) is regular and an orthogonal sum of 2- dimensional regular quadratic 
spaces, where (rad(V), <7| ra d(v)) * s an orthogonal sum of \- dimensional quadratic spaces. 

More explicitly, the orthogonal decomposition V — U ®r&d(V) is such that there exists a basis 
{ej, fi, <7j,l < i < r, 1 < j < s} of V where 2r + s = dim(V) and elements ai,bi,Cj G F, 1 < i < 

r s 

r, 1 < j < s such that for all v = ^^(xjej + yifi) + z j9j> we have 

i=l i=l 

r s 

l(v) = ^2(aiX? + Xiyj + hyl) + ^ CjZ?. 

i=l i=l 

In this case we say that [a±, 6i]_L • ■ •_L[a r , 6 r ]_L(ci, • • ■ ,c s ) is the normalized form of q and 
[<zi, &i]_L • • ■ -L[a r , b r ] is the regular part of q. A quadratic form q is said to be non-singular if 
s = 0. It is called singular if s ^= 0. In addition, if r = then q is called totally singular. If 
s > then regular part of quadratic form is generally not determined uniquely up to isome- 
try, whereas the part (ci,...,ca) is always determined uniquely up to isometry. For example 
[1, 1] © (1) ^ [0, 0] © (1) but [1, 1] = [0, 0] holds if and only if the quadratic equation x 2 +x+ 1 = 
has a solution in F. 
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It immediately follows from above Proposition that every regular quadratic form over a field 
of characteristic two is even dimensional. 

A quadratic from is said to be isotropic if there exists 0/i)£F such that q(v) — 0, otherwise 
it is called anisotropic. Quadratic form [0,0] is the only 2-dimensional isotropic quadratic form 
up to isometry. It is called hyperbolic plane and is denoted by H. A quadratic space is said to 
be a hyperbolic space if it is orthogonal sum of hyperbolic planes. 

The following result is an analogue in characteristic 2 to the usual Witt decomposition in 
characteristic not equal to 2. 

Proposition 1.2 ( HL04]). Let q be a quadratic form over ¥. Then q = i x H _L q r _L q s _L j x (0), 
where q r is non-singular, q s is totally singular and q r _L q s is anisotropic. The form q r J_ q s is 
uniquely determined up to isometry. 

The anisotropic part q r _L q s of q will be denoted by q an hi short. Two quadratic forms q± and 
<72 are called Witt equivalent (denoted q\ ~ (72) if qi an — l2an- ^ 9i an d 92 are non-singular then 
qi ~ qi if qi _L —(72 is hyperbolic. The set W q (¥) of Witt equivalence classes of regular quadratic 
forms over F forms an abelian group under the operation of orthogonal sum of quadratic spaces. 
It is called the Witt group of quadratic forms. 

As all regular quadratic forms are of even dimension, the dimension invariant eo : W(F) — > -4^ 
given by q 1— > dim(g) mod 2 is trivial. In char(F) = 2 case an invariant at next level is Arf in- 
variant which is a substitute of Discriminant in char(F) ^ 2 case. It was defined by Arf in 
his classical paper |Arf41j . Let q : V — > ¥ be a regular 2n-dimensional quadratic form. As 
b q is an alternating form, the space (V,b q ) has a symplectic basis {ei,fi,l < i > n}. Let 
p(F) = {x 2 + x : x e ¥}. The set p(F)} is a subgroup of (F, +). In the quotient F/p(F), the 
class of element J27=i ( 7( e «)9(/i) i s called the Arf invariant of q and is denoted by Arf(g). It is 
independent the choice of symplectic basis (see |Sch85j ). Moreover, it defines a homomorphism 
Arf : W q (¥) ->• F/p(F) on the Witt group of F. More explicitly if q = [01,61] J_ • • • _L [a n ,b n ] 
then Arf(q) = 0161 H h a n b n G F/p(F). 

2. Special 2-groups and quadratic forms 

Let G be a finite group. Let Q(G) = (x G G : x 2 = 1) and G" = [G, G], the derived subgroup 
of G. Let Z(G) denote the center of G and ^(G) denote the Frattini subgroup of G. Recall that 
for a non-trivial group the intersection of its index 2 subgroups is called its Frattini subgroup. 
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We record that $(G) = (x 2 : x G G). 

A 2-group G is called special 2-group if G is non-commutative and 

G' = *(G) = Z{G) = n{Z{G)). 
Moreover, if G is a special 2-group such that Z(G)| = 2 then G is called an extraspecial 2-group. 

Remark. In a special 2-group, the order of non-identity elements is either 2 or 4. 

From now onwards F2 will denote the field of two elements and V and W will be vector spaces 
over F2. A map c : V x V — s> W is called a normal 2-cocycle on y with coefficients in W if for 
all v, Vi, 1)2,1)3 G V it satisfies the following conditions: 

i. c(v 2 ,v 3 ) - c(vi + v 2 ,v 3 ) + c(v\,v 2 + v 3 ) - c(v 1 ,v 2 ) = 0. 
ii. c(v,0) = (0,u) = 0. 



We denote the set of normal 2-cocycles on V with coefficients in W by Z 2 (V, W) and consider it 
as an abelian group under pointwise addition. Let A : V — > W be a linear map such that A(0) = 0. 
Then the map c\ : V x V -> W defined by ca(wi, W2) = A(«2) — A(vi + v 2 ) + A(«i) is a normal 
2-cocycle. Such 2-cocycles are called normal 2-coboundaries and their collection is denoted by 
B 2 (V, W). The set B 2 (V, W) forms a subgroup of Z 2 (^, W). The quotient il 2 (y, W) = 
is called the second cohomology group of V with coefficients in W. 

We consider V and W as groups under the operation of vector space addition. A short exact 
sequence of groups 1— >V— > G ^ W — > 1 is called a central extension of W by V if V C Z(G). 
The set of isomorphism classes of central extension of W by V is in one to one correspondence 
with H 2 (V, W) |Wei941 §6.6]. We record that the central extension of W by V corresponding to 
a cocycle class [c] G H 2 (V, W) is isomorphic to the group VxW, where the underlying set of the 
group VxW is just the cartesian product VxW and its group operation is defined by 

(v, w)(v' , w') = (v + v', c(v, v') + w + w') 

for all v, v' G V and w, w' G W. The identity element this group is (0, 0) and the inverse of (v, w) 
is (v, c(v, v) + w). 

A map q : V — > W is called a quadratic map if q(av) = a 2 q(v) for all v G V , a G F and 
the map b q : V x V — ^ W defined by b q (v,w) = q(v + w) — q(v) — q(w) is bilinear. We denote 
by {b q (V x V)) the subgroup of W generated by the image of b q . Let Quad(V, W) denote the 
set of quadratic maps from V to W. We consider it as a group under the group operation of 
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pointwise addition of maps. The following proposition gives correspondence between H (V,W) 
and Quad(V,W). 

Proposition 2.1 ( [Zahllj . Prop. 1.2). The map (p : Z 2 (V,W) — > Quad(V, W) which maps 
c G Z 2 (A, B) to the quadratic map q c defined by q c (x) = c(x, x) induces a homomorphism between 
H 2 (V, W) and Quad(V,M / ). // the dimension of V is finite then this homomorphism is an 
isomorphism. 

If dimension of V is finite then above proposition and the correspondence of elements of 
H 2 (V, W) with central extension of V by W gives a useful correspondence between Quad(V, W) 
and central extension of V by W [Zahllj . 

Theorem 2.2 QZahOSj . Th. 3.4.11). Let G be a special 2 -group and q : -gTTyr ~^ Z(G) be the 
map given by q(xZ(G)) = x 2 for all x G G. Then q is a quadratic map and b q (xZ(G), yZ(G)) = 
xyx~ 1 y~ 1 for all x,y G G. 

Note that the quadratic map q in the above theorem is regular and the image of b q generates 
Z(G). This quadratic map q is called the quadratic map associated to the special 2-group G. 

Theorem 2.3 ( [Zahllj . Th. 1.4). Let q : V — > W be a regular quadratic map. Suppose that 
W = {b q (V x V")). Then there exists a special 2-group G associated with quadratic map q such 
that W — Z(G) and V = ^fjj) ■ Such a group is unique up to isomorphism. 

The special 2-group G in the above theorem is called the group associated to regular quadratic 
form q. 

We recall the definition of central product of a two groups. Let G\ and G2 two groups, Z(G\) 
and Z^G-i) be their centers and 9 : Z(G\) — > Z(G,2) be a group isomorphism. Let N denote the 
normal subgroup {(x, y) G Z(G\) x Z(G 2 ) : 0(x)y — 1} of Z(Gi) x Z(G 2 ). The central product 
of Gi and G 2 is the quotient of direct product G\ x G 2 by N. The following lemma relates 
orthogonal sum of quadratic maps to central products. 

Lemma 2.4. Let Vi,V 2 and W be finite dimensional vector spaces over the field ¥ 2 . Let q\ : 
V\ — > W and q 2 : V 2 — > W be regular quadratic maps associated to special 2-groups G\ and G 2 , 
respectively. Then q\ L q 2 : V\ ® V 2 W defined by (qi _!_ q 2 )(vi,v 2 ) — qi{vi) + q 2 (v 2 ) is a 
regular quadratic map and the group associated to q\ _L q 2 is G\ oG 2 , where o denotes the central 
product. 

Proof. Since quadratic maps qi : V\ — > W and q 2 : V 2 — ^ W are associated to special 2-groups 
G\ and G 2 , respectively, we have V\ — z ^q^ , V 2 — ^fjy an< ^ ^ = ^(^1) = ^(^2)- Let 
ci G Z 2 (Vi,W) and c 2 G Z 2 (V 2 ,W) be normal 2-cocycles associated to quadratic maps qi and 
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q 2l respectively. 

Let q = qi _L q 2 . Then b q ((v 1 ,v 2 ),{v[ 1 v' 2 )) = b qi (vt,Vi) + b q . 2 (v 2 ,v 2 ) where (vi,v 2 ) and 
(y'^v'z) G Vi © V2. Let c := ci _L c 2 : (Vi © V 2 ) x (Vi © V2) -> W be the map defined by 

c(0i,t> 2 ), W,Ua)) = c i( u i> w i) + c 2(w2,-f 2 )- 

It is straightforward to check that c is a normal 2-cocycle on Vi © V 2 with coefficients in 
and the association ([ci], [c 2 ]) h-> [c] G ff 2 (Fi © V 2 ,W) is well-defined. The normal 2-cocycle c 
corresponds to the quadratic form g. Special 2-group associated with q is G = (Vj. © V^)xW, 
with the group operation 

{{vi,v 2 ),w)((v[,v 2 ),w') = ((vi +v[,v 2 +v' 2 ),c((vi,v 2 ),(v[,v 2 )) + w + w'). 

We need to show that G — G\ o G 2 . By definition G\ o G 2 is the quotient of G\ x G 2 by ker(/) 
where / : W x — > W is the homomorphism defined by f(w, w') = w + w'; w, w' G W. Define 
4> : d x G 2 -> G by 

(f)((vi,w),(v 2 ,w')) = ((Vl,V2),W + w') 
where (v±, w) G Gi, (v 2 , w') G G 2 . We notice that <f> is a group homomorphism as 

(«2, w[)) + ((v[,W 2 ), (v' 2 ,W 2 ))) 

= 4>{{(vi,w x ) + (v' 1 ,w 2 )),((v 2 ,w' 1 ) + (v' 2 ,w' 2 ))) 

= <f)((vi +v[,ci(vi,v[) +Wi +w 2 ),(v 2 +v' 2 ,c 2 (v 2 ,v 2 ) +w[ +w' 2 )) 

= ((vi +v[,v 2 +v' 2 ),ci(vi,v' 1 ) +c 2 (v 2 ,v' 2 ) +wi +w[ +w 2 +w' 2 ) 

= ((v 1} V 2 ) + (v[,V2),c((vi,V 2 ), (v[,V 2 )) +W!+ Ul[ + W 2 + W 2 ) 

= ((v 1 ,v 2 ),w 1 +w' 1 )((v[,v' 2 ),w 2 +w' 2 ) 
= (f>((v 1 ,w 1 ), {v 2 ,w' 1 ))(j){{v l 1 ,w 2 ), (v' 2 ,w' 2 )). 

where (vi,wi), (v[,w 2 ) G G\ and (v2,w' 1 ), (v' 2 ,w' 2 ) G G 2 . The homomorphism <j> is surjective be- 
cause for an arbitrary ((ui, v 2 ), w) G G we have </>((i>i, 0), (v 2 , w)) = ((«i, v 2 ), w). Now identifying 
W xW with (0 x W) x (0 x W) c G\ x G 2 , it follows that ker gets identified with ker / and we 
finally have G ~ = = G 1 o G 2 . □ 

We shall use this lemma while discussing classification of extraspecial 2-groups. The following 
theorem gives a characterization of strongly real special 2-groups. 

Theorem 2.5. Let q : V — >• W be a regular quadratic map with (b q (V x V)) = W and G be 
the special 2-group associated with q such that V — t^jj and W — Z(G) (cf. Th. \2.3\) . Then 
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G is strongly real if and only if for every nonzero v G V there exists a G V with v ^ a and 
q(a) = q(a — v) = 0. 

Proof. We first suppose G to be strongly real. Let ^ x = v G V. Since G is strongly real there 
exists y G G such that o{y) = 2 and yx~ x — xy. We take a = y. Then (yx^ 1 ) 2 = yx~ x xy = y 2 = 
e, which translates to q(a — v) = q(a) = 0. 

For the converse part, recall that G = VxW where the group operation is defined by 

(v, w)(v', w') = (v + v', c(v, v') + w + w') 
= (v 7 c(v 7 v) +w). 

where [c] G H 2 (V,W) and q(x) — c(x,x). Let x — (v,w) G VxW = G. By hypothesis there 
exists a G V such that q(a) = q(a — v) = 0. We take p(n-«,0)eG. Since 

(a -v,0) + (a- v, 0) = (2(a -v),c(a-v,a- v)) = (2(a - v), q(a - v)) = (0, 0) 
it follows that y 2 = 1. Moreover 

(a — v, 0)(w, w)(a — v, 0) = (2a — v, c(a — v, v) + c(a, a — v) + w) 
= (v, c(v, v) + c(a, a) + w) 
= (v, q(a) + c(v, v) + w) 
= (v, c(v, v) + w) — [v, to) -1 . 

Therefore yxy — x . Further since y 2 = 1, we conclude that yxy^ 1 = x^ 1 and G is strongly 
real. □ 

In view of the above theorem, we remark that for a strongly real special 2-group the associated 
quadratic map is always isotropic. However the converse is not true. For example, consider the 
special 2-group G associated to the quadratic map q(x, y, z) = (x 2 + xy + y 2 1 xz). The quadratic 
map is isotropic because g(0, 0, 1) = (0, 0). But the group G is not strongly real by above theorem 
because for v = (1, 1, 1), there does not exist any a such that q(a) = q(a — v) = 0. 

3. Classification of extraspecial 2-groups 

The aim of this section is to classify extraspecial 2-groups in terms of quadratic forms over F2 
and to show that all extraspecial 2-groups except Q2 are strongly real. We start with two quick 
lemmas. 

Lemma 3.1. Let V be a vector space over ¥2 and q : V — >• ¥2 be a regular quadratic form. Then 
the group associated to q is extraspecial 2-group, and conversely. 
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Proof. Recall that a special 2-group G is called extraspecial 2-group if |Z(G)| = 2. Proof follows 
from Th. [23] and Th. EH □ 

Lemma 3.2. The order of an extraspecial group is 2 2n+1 for some n G N. 

Proof. Recall that a regular quadratic form over a field of characteristic two is even dimensional 
(see §2, Th. II. If G is an extraspecial 2-group and q : V — > ¥2 is the regular quadratic form 
associated to it as in Th. 12.21 then dim^ V — 2n for some n € N. From §3, G is in bijection 
with Vx¥ 2 . Hence \G\ = 2 2n x 2 = 2 2n+1 . □ 

In the rest of this article, D4 will denote the dihedral group of order 8 and Q2 will denote the 
quaternion group of order 8. Presentations of these groups are 

D± = {a,b : a 4 = b 2 = 1Mb' 1 = a' 1 ) 
Q 2 = {c,d : c 4 = 1, d 2 = c 2 , doT 1 = c" 1 ) 

Proposition 3.3. Let V be the two dimensional vector space over ¥2 and q : V — > ¥2 be a regular 
quadratic form. Then the group associated to q is either Q2 and D4 . 

Proof. Up to isometry there are only two regular 2-dimensional quadratic forms over F2. These 
are qi = [0,0] and (72 = [1, 1] (see §2). Recall that qi(x,y) = xy and q2{x,y) = x 2 + xy + y 2 . 
We show that the extraspecial 2-group corresponding to [0,0] is D4. From Th. 12.31 the group 
associated to qi : V — > F2 is Vx¥2, where the multiplication is defined by 

(v, a)(v' , a') = (v + v', ci(v, v') + a + a') 
where v,v' £ V, a, a' e F 2 and c\ G Z 2 (V,¥ 2 ) is the normal 2-cocycle such that qi(v) — c\(v,v) 
for all v G V. 

Define -0 : D4 —> UxF 2 by ip(a) — ((1, 1), 1) and ip(b) = ((1, 0), 1), where a and b are generating 
elements of D4 as in the presentation of D4. We check that ip is an isomorphism of groups. Note 
that both D4 and V\ XF2 are groups of order 8. It is easy to see that the orders of ((1, 1), 1) and 
((1,0), 1) are 4 and 2, respectively. Moreover, 

((1, 0), 1)((1, 1), l)- 1 = ((1,0), 1)((1, 1), Cl ((l, 1), (1, 1)) + 1) 

= ((l,0),l)((l,l), gi (l,l)) + l) 

= ((1,0) > 1)((1,1),0) 

= ((l,0),ci((l,0),(l,l)) + l) 

= ((o,i),i) 

= ((1,1),1)((1,0),1) 
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Hence ip is & n isomorphism of groups. On similar lines it can be shown that group associated 
with quadratic form qi = [1,1] is Q2- The isomorphism is given by tp' : Qi — > V2XF2, where 
tp'(c) — ((1,1), 1), ip'(d) — ((1,0), 1) and c, d denote generators of group Q2 as in the given 
presentation of Q^- □ 

Proposition 3.4. Let qi = [0,0]_L[0,0] and q-2 = [1, 1]_L[1, 1] be two quadratic forms over ¥2- 
Then q\ is isometric to q2- 

Proof. We have q%(w, x, y, z) = wx + yz and q2{w, x, y, z) = w 2 + wx + x 2 + y 2 + yz + z 2 . The 
following change of variables in q\ converts it to the form q2 

w i— > x + y + z 

x h- >• w + y + z 

y h- >■ w + x + z 

z M> w + x + y 

□ 

Proposition 3.5. The group D4 o D 4 is isomorphic to Q2 ° Q2 where o denotes the central 
product of groups. 

Proof. From Lemma \2 .41 and Prop. 13. 3[ it follows that the quadratic form associated to D4 o D± 
is [0,0] _L [0,0] and that the quadratic form associated to Q2 ° Q2 is [1, 1] -L [1, 1]. By Prop. 13.41 
we have that q± and q2 are isometric and now from Th. 12.31 the result follows. □ 

Theorem 3.6. For every n £ N, there are exactly two extraspecial 2-groups of order 2 2n+1 , 
namely -D4 o Z? 4 o • • • o Z? 4 (n copies of D±) and Qg o D 4 o • • ■ o Z? 4 (n — 1 copies of D±). 

Proof. Let G be an extraspecial 2-group and q : V — > F 2 be the associated regular quadratic 
form. Since q is regular, dimjp 2 (V) is even, say dimj^ (V) = 2n. Writing q as orthogonal sum of 
two dimensional regular spaces and using the isometry [0,0] _L [0,0] ~ [1, 1] _L [1, 1] (see Prop. 
E~U) we conclude that either q ~ [0, 0] _L [0, 0] _L • • • ± [0,0] or q ~ [1, 1] ± [0,0] _L ••• [0,0]. 
Thus, in view of Prop. 13.31 the group corresponding to q is either Z? 4 o D 4 o • • • o _D 4 (n copies of 
D4) or Q2 o D4 o • • • o D4 (n — 1 copies of Z? 4 ). □ 

This completes the classification of extraspecial 2-groups. Their classification is also given in 
Gor82 using group theoretic methods. We learn from Wil09] that the classification of extraspe- 
cial 2-group using quadratic forms is known. However we do not know of any reference where it 
is mentioned in as much detail. 
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We shall denote the extraspecial 2-group D4 o D4 o • • • o D4 (n copies of D 4 ) by DX 1 ' and the 
extraspecial 2-group Q2 ° D4 o • • • o £) 4 (n. — 1 copies of D4) by ■ We now study strong 

reality of these groups. 

Lemma 3.7. Central product of two strongly real groups is a strongly real group. 

Proof. Central products arc quotients of direct products. The direct product of two strongly 
real groups is a strongly real group. Further, a quotient of strongly real group is a strongly real 
group. Hence the result follows. □ 

Proposition 3.8. All extraspecial 2-groups except Q2 are strongly real. 

Proof. It is easy to verify that the Dihedral group D4 is strongly real. By Lemma. 13.71 the groups 
n £N are strongly real. To show that groups Q2-D4 arc strongly real, by repeated use 
of Lemma 13.71 it is enough to show that Q2 ° D4 is strongly real. We shall obtain this from Th. 
12.51 The quadratic form associated to Q2 ° D 4 is q = [0, 0] _L [1, 1]. As a map q : V — > ¥2 is 
defined by 

q(w, x, y, z) = w 2 + wx + x 2 + yz 

To show that Q2 ° D 4 is strongly real using the criterion of Th. 12.51 for each v £ V we have to 
exhibit some a G V such that q(a) = q(a — v) = 0. The following table demonstrates that it is 
indeed possible. 



V 


a 


(0, 0, 0, 1), (0, 0, 1, 0), (1, 1, 1, 1), (1, 0, 1, 1), (0, 1, 1, 1), (0, 0, 0, 0) 

(0,0,1,1) 

(1,0,0,0), (0,1, 0,0), (1,1, 1,0), (1,1, 0,1) 
(0,1, 1,0), (0,1, 0,1), (1,1, 0,0) 
(1,0,1,0), (1,0,0,1) 


(0,0,0,0) 
(0,0,0,1) 

(1,1,1,1) 
(0,1,1,1) 
(1,0,1,1) 



Therefore it follows that groups Q2D4 for n > 2 are strongly real. The only extraspecial 
2-group which is left out it Q2, which is not strongly real. This is because in Q2 there is only 
one element of order 2, which is central. □ 



We know the group Q2 is real (see, for example |Ros94j . p. 304). Therefore Prop. 13.81 gives 
that all extraspecial 2-groups are real. 
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4. Examples 

In this section we obtain examples of special 2-groups which are strongly real but not totally 
orthogonal, and vice- versa. We first fix our notation in order to state a criterion for total orthog- 
onality of special 2-groups. 

Let q : V — > W be a quadratic map and s £ Hornjp^ (W, F2). Then s*(q) :— s o q : V — >• F2 
is a quadratic form with polar form & fl „( 9 ) :— s o b q : V x V — > ¥2. The form s*(q) is called the 
transfer of q by s. If the image of the radical rad(6 Sji i q \ ) under s*(<?) vanishes then s*(q) induces 
a regular quadratic form q s : V s := rad (^ ■ ^ — ► F2 defined by q s (e s (x)) — s t (q)(x) for every 
x £ V , where e s : V — > V s is the canonical surjection. 

Theorem 4.1 f |Zahll| . Theorem 3.5). Let G be a special 2-group with associated quadratic map 
q : V — > W . Then the following are equivalent, 
i. The group G is totally orthogonal. 

ii. For all non-zero s £ Homjp^ (W, ¥2) the Arf invariant Arf(g s ) is trivial. 

If G is an extraspecial 2-group with associated quadratic form q then Homjp^ (W, ¥2) consists 
only of identity map and by Th. 14.11 the group G is totally orthogonal if and only if Arf (q) is 
trivial. 

For all n £ N, extraspecial 2-groups D ™ are totally orthogonal because the Arf invariant of 
the quadratic form q — [0, 0] _L [0, 0] • • • _L [0, 0] associated with to the group is trivial. Ex- 
traspecial 2-groups Q2T)^~ V> are not totally orthogonal because the Arf invariant of associated 
the quadratic form q = [1,1] _L [0, 0] • • • _L [0,0] is not trivial. 

Therefore to sum up, all extraspecial 2-groups Q2D < ^ 1 ~ 1 \ n > 2 are examples of strongly 
real groups which are not totally orthogonal. In fact these groups have exactly one symplectic 
representation which is of degree 2™ (see |Gor 82 Further, the least order of a strongly real 
finite group which are not totally orthogonal is 32 and Q2 o D4 the only group of order 32 with 
this property. We have checked it by computer algebra system GAP |GAP08j . 

Next order in which an example of strongly real group with symplectic representations is found 
is 64. 

Example 4.2. Let V and W be vector spaces over field F2 and q(w, x, y, z) = (z 2 + wx + wz + 
xy, wy) be a regular quadratic map from V to W. We show that the special 2-group associated 
to q is strongly real but not totally orthogonal. Let s : W — > F 2 be the linear map given by 
s(wi, W2) = w\ + W2 for (wifWs) £ W. Since s*(g) : V — » F2 is a regular quadratic form given 
by s*(q)(w, x, y, z) = (z 2 + wx + wz + xy + wy), the quadratic forms s*(g) and q s are same. The 



STRONGLY REAL SPECIAL 2-GROUPS 



13 



following change of variables in s*(g) converts it to the form [1,1] _L [0, 0]: 

w i— > w + x + z 
x i— > x + y 
y M> y + w 
z i— > y + z 

Arf Invariant of [1, 1] _L [0,0] is not trivial. Hence by Th. 14.11 the special 2-group G associated 
with quadratic form q is not totally orthogonal. Now Th. 12.51 we show that the special 2-group 
G is strongly real. In following table we give a £ V for every v 6 V so that criterion of Th. 12.51 
is satisfied. 



V 


a 


(1,0, 0,0), (0,1,0,0), (0,0, 1,0), (1,0, 0,1), (0,1, 1,1) 
(0,0,0,1), (1,1, 0,0), (1,0,1,0), (1,1, 1,1) 
(0,1, 1,0), (0,1, 0,1) 
(0,0,1,1) 
(1,1, 1,0), (1,0, 1,1), (1,1, 0,1) 


(0,0,0,0) 
(1,0,0,0) 
(0,0,1,0) 
(0,1,0,0) 
(1,0,0,1) 



This is the only special group of order 64 which is strongly real and not totally orthogonal. An- 
other group of order 64 which is strongly real and not totally orthogonal is Q — [i-i x (Q 2 ^4), 
where fj,2 is the group of order 2. The group Q is not special. We have checked using GAP 
GAPQ8] that G and Q are the only strongly real groups of order 64 which are not totally orthog- 
onal. 

We now give an example of a special 2-group which is totally orthogonal but not strongly real. 
From Th. I2.5l and Th. 14. H it is enough to find a quadratic map q : V — > W between vector spaces 
over field F2 such that the Arf invariant Arf(g s ) is trivial for all non-zero s G Homjp^ (W, F2) and 
for every nonzero v £ V there exists a £ V with v ^ a and q(a) = q(a — v) = 0. We assert that 
such quadratic maps indeed exist. One such example is the following. 

Example 4.3. Let V be a 4-dimensional vector space over F2 with standard basis 

{(1,0, 0,0), (0,1, 0,0), (0,0, 1,0), (0,0, 0,1)} 

and W be a 3-dimensional vector space over F2 with standard basis 



{(1,0,0), (0,1,0), (0,0,1)}. 
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Consider the quadratic form q : V — >■ W given by 

(1) q(w,x,y,z) = (wx + yz,wy,xy); (w,x,y,z) eV 

The polar form associated with q is b q : V x V —> W, 

bq((wi,xi,yi,zi), (w 2l x 2l y 2 , z 2 )) = (wix 2 + xiw 2 + yiz 2 + zxy 2l wiy 2 + y\w 2 ,x x y 2 + y\x 2 ) 

where (wi, x\, y\, z\), {w 2 ,x 2 ,y 2l z 2 ) 6 V. 

It is straightforward to check that rad(6 9 ) = and (b q (V x V)) = W. Hence by Th. 12.31 there 
exists a unique special 2-group G such that V = Z(G) and -^fjy = W. The order of this group 
is \V\ x \ W\ = 128. We shall make explicit computations to show that G is not strongly real but 
it is totally orthogonal. 

For strong reality take, for example, v = (1, 1, 1, 1) £ V. Then we claim that for every a G V 
with q(a) = we have q(v — a) ^ 0. We first identify all a E V such that q(a) = 0. Let 
a = (w, x, y, z) G V be one such vector. Then q(w, x, y, z) = will imply 

wx + yz — wy = xy = 

If y then the above condition forces x = w = z = 0. This gives a = (0,0,1,0). If 
y = then to ensure the above condition one must have either w — or x = 0. Therefore we 
conclude that a G {(0, 0, 0, 0), (0, 1, 0, 0), (1, 0, 0, 0), (0, 0, 0, 1), (0, 1, 0, 1), (1, 0, 0, 1)}. For each of 
these possibilities for a we compute q(a — v). 



a 


a — v 


q(a - v) 


(0,0,1,0) 


(1,1,0,1) 


(1,0,0) 


(0,0,0,0) 


(1,1,1,1) 


(0,1,1) 


(0,1,0,0) 


(1,0,1,1) 


(1,1,0) 


(1,0,0,0) 


(0,1,1,1) 


(1,0,1) 


(0,0,0,1) 


(1,1,1,0) 


(1,1,1) 


(0,1,0,1) 


(1,0,1,0) 


(0,1,0) 


(1,0,0,1) 


(0,1,1,0) 


(0,0,1) 



This table confirms that for v = (1, 1, 1, 1) there is no a G V such that q{a) = q{a — v) = 
and from Th. 12.51 we conclude that G is not strongly real. 

Now we show that the special 2-group G associated to the quadratic form q as in (fl]) is totally 
orthogonal. Since dimj^ (W, F 2 ) = 3, there exist exactly 7 non-zero F 2 -linear maps from W to 
F 2 , which are following 

s n (x, y, z) = ix + jy + kz; (x, y, z) G W, 1 < n < 7, 
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where n — 4i + 2j + k is the binary expansion of n 6 {1, 2, • • • ,7}. We write various transfer 
maps of q 

S2,{q){w,x,y,z) = wy 

s 3„(<7)(w, x, y,z) = wy + xy 

S4, f (q)(w,x,y, z) = wx + yz 

S5„ (q) (w, x, y, z) = wx + yz + xy 

S 6, (q)( W ) x , z ) — wx + V z + W V 

s 7* (9) ( w i x i V j z ) = wx + 2/ z + w 2/ + - x 2/ 7 

where (w,x,y,z) G V. By suitable linear changes of variables each of above quadratic forms 
is isometric to either q\ : V — > ¥2 defined by qi(w, x, y, z) = wy or (72 : V — > F2 defined by 
qi(w, x, y, z) = wx + yz. 

Now rad(6 gi ) = ((0, f , 0, 0), (0, 0, 0, 1)) and = ((1, 0, 0, 0), (0, 0, f , 0)) so q x induces reg- 

ular quadratic form q[ : rad |^ — j — > ¥2 defined by q[(a, (i) = a/3, where (a, (3) £ rad |^ — y Now 
Arf(gi) = Arf(q' 1 ) = 0. On the similar lines, since rad(6 92 ) = the quadratic form (72 is regular 
and Arf(q 2 ) = 0. 

As a consequence, for all s e Homjp^ (W, ¥2) the Arf invariant of the transfer q s is trivial and 
by Th. 14. II the group G is totally orthogonal. 

Remark. We remark that the smallest order in which a totally orthogonal special 2-group which 
is not strongly real exists is 1 28. We have checked using GAP [GAP08 that the smallest totally 
orthogonal group which is not strongly real is of order 64. That group, though, is not a special 
2-group. 
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